We investigate the dynamics of cancer initiation in a model with one driver mutation and several passenger mutations. In contrast to previous models, the change in fitness induced by the driver mutation depends on the genetic background of the cell, in our case on the number of passenger mutations. The passenger mutations themselves have no or only a very small impact on the cell's fitness. This approach is motivated by the Burkitt Lymphoma, where the hallmark mutation, a translocation between the MYC gene and an immunoglobulin gene, alters the rate of apoptosis, but also the proliferation rate of cells. This way we obtain an epistatic fitness landscape, where the fitness of cells with the driver mutation is advantageous only if enough passenger genes have mutated. Otherwise the fitness might even be deleterious. Our analysis is based on an individual cell model in which the cells can divide or undergo apoptosis. In case of division the two daughter cells can mutate. This model shows a very interesting dynamical behavior. Since the driver mutation is deleterious on a background with only a few passenger mutations, there is a long period of stasis in the number of cells until a clone of cells has evolved with enough passenger mutations. Only when the driver mutation occurs in one of those cells, the cell population starts to grow exponentially.
Introduction
Tumors develop by accumulating different mutations within a cell, which affect the cell's reproductive fitness [1] [2] [3] [4] [5] . As in [6] , we refer to the fitness of a mutated cell as the ratio between a cell's rate to proliferate and the cell's rate of apoptosis compared to wild type cells. The higher the fitness, the more likely it is for the cell to proliferate. For high fitness values, the population of cells growths very fast and stochastic effects play a minor role. In our model, this regime can be thought of as the formation of a tumor.
However, many mutations have no impact on the cell's fitness, e.g. synonymous substitutions within the genome of the cell. Other mutations may lead to a fitness disadvantage, which implies that the cell's risk of apoptosis is higher than its chance of proliferation. However, the same mutations in combination with other mutations within the same cell might lead to a great fitness advantage.
Methods
We analyze cancer initiation in a homogenous population of initially N cells with discrete generations. In every generation, each of the N cells can either die or divide. If a cell divides, its two daughter cells can mutate with mutation probabilities µ D for the driver mutation and µ P for passenger mutations. In principle, we could drop the assumption that these two mutation probabilities are independent on the cell of origin, but this would lead to inconvenient notation. We neglect back mutations and multiple mutations within one time step, because we assume their probabilities to be extremely small. Figure 1 summarizes the possible mutational pathways of the model. The entries x i,j denote the number of cells with or without the driver mutation (i = 1 or i = 0 respectively), and j passenger mutations.
A cell's probability for apoptosis and proliferation depends on the presence of the driver mutation and on the number of passenger mutations it has accumulated. For cells with no mutations, the division and apoptosis probabilities are both equal to 1 2 . This implies that the number of cells is constant on average as long as no further mutations occur. We assume that the initial number of cells is high and thus we can neglect that the population would go extinct for sure as a critical branching process [22] . For our parameter values, the expected extinction time exceeds the average life time of the organism by far.
For cells without the driver mutation, each passenger mutation leads to a change in the cell's fitness by s P . For cells with the driver mutation, the fitness advantage with each passenger mutation is s DP .
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Figure 1. Mutational pathways of the model. Left: The entries x i,j denote the number of cells with or without the driver mutation (i = 1, or i = 0 respectively), and j passenger mutations. Right: Cells with only passenger mutations have all (nearly) neutral fitness. The fitness of cells with the driver mutation depends on the number of passenger mutations within the cell, leading to an epistatic fitness landscape.
The driver mutation increases both the apoptosis rate and the proliferation rate. The increase in the apoptosis rate is denoted as s D − and the increase in the division rate s D + . With these parameters, the proliferation rate for cells with j passenger mutations but without the driver mutation is
whereas the proliferation rate for such cells with the driver mutation is
The apoptosis rates, denoted as d 0,j and d 1,j are simply one minus the proliferation rate
2 Results
Simulations
Mutations occur at fixed rates µ P and µ D for passengers and drivers, respectively. At first, the overall fitness does not increase noticeably. For s P = 0, it stays constant on average. Hence, the total number of cells stays approximately constant. Only when a cell with enough passenger mutations and also the driver mutation arises, the cell's fitness is increased substantially above the fitness of other cells and its chance of proliferation is significantly increased. At that point, the total number of cells increases rapidly, see Figure 2 . In models presented in literature so far, the cell's fitness is increased independently with every (driver) mutation (see e.g. [6, 12] ). Therefore, even though the total number of cells increases exponentially, we cannot find a sudden burst in the number of cells. In the model presented here, the number of cells stays roughly constant and then suddenly begins to grow very fast. Figure 2 illustrates this dynamics based on a single simulation. In Figure 3 , the total number of cells is subdivided into the number of cells with different numbers of mutations. The left panel presents the cells, that have not acquired the driver mutation, the right one shows cells with the driver mutation. Cells, which have acquired the driver mutation, but not enough The dynamics of the total number of cells. Initially, the total cell count increases only marginally but at some point, a combination of passenger and driver mutations within one cell with a large fitness benefit arises and leads to rapid exponential proliferation (parameters: Initial number of cells N = 500000, passenger fitness advantage s P = 10 −5 , the driver fitness advantage s D + = 0.05, driver disadvantage s D − = 0.1, advantage of a passenger mutation in the presence of the driver mutation s DP = 0.015, mutation rates for passenger mutations µ P = 2 · 10 −5 , mutation rate for the driver mutation µ D = 5 · 10 −6 ).
passenger mutations, arise due to mutation occasionally, but those cells die out quickly again -thus, their average abundance is small. Cells without the driver mutation can obtain another passenger mutation. Even though those cells might not die out, they also do not induce fast growth, cf. Figure 3 . Only cells that have obtained enough passenger mutations and additionally acquire the driver mutation, divide so quickly, that the population size increases rapidly. The parameters in our figures have been chosen such that a rapid increase of the number of cells occurs when the driver mutation co-occurs with 4 passenger mutations. This event can occur at any time and hence, in some simulation the number of cells can increase very early, whereas in other simulations the number of cells does not undergo fast proliferation for many generations. Thus, a lot of simulations have to be averaged in order to get close to the expected number of cells. Consequently, the rate of progression has an enormous variation. Using the same parameters, the time until rapid proliferation occurs varied in 500 simulations between ≈ 9300 and ≈ 63000 generations. The distribution is discussed in more detail below.
Analytical results

Average Number of Cells
We can calculate the average number of cells with a certain number of mutations at a given generation t. The number of cells which do not have the driver mutation and k passenger mutations (i.e. x 0,k (t)) changes on average by means of the cell's fitness and it decreases by the mutation rate The number of cells without any mutation decreases slightly, whereas the number of cells with passenger mutations, but no driver mutation, slowly increases. Right: While a small number cells with the driver mutation is present from the beginning, at first these driver mutations are not accompanied by sufficiently many passenger mutations to compensate the disadvantage arising from the driver. Only when a driver mutation is co-occurring with enough passenger mutations (in this case four), the number of cells with the driver starts to increase rapidly (parameters as in Figure 2 ).
where x 0,−1 (t) ≡ 0. The solution of equation (4) if the passenger mutations lead to a change in fitness, i.e. s P = 0, is
where N denotes the initial number of cells. The mathematical proof of equation (5) is given in the Supporting Information. Note, that the product can be written in terms of a q-binomial coefficient [23] k−1
For the case s P = 0 we take the limit of the q-binomial coefficient (e.g. [24] )
and hence obtain
which is the result that is also expected if the passenger mutations are neutral and accumulated independently of each other. Intuitively, the term µ k P (1−(µ D +µ P )) t−k describes the probability of obtaining exactly k mutations in t generations. There are different possibilities when the mutations happen, these possibilities are captured by the binomial coefficient t k . Thus, we have a growing polynomial term, and, since (1 − (µ D + µ P )) < 1, a declining exponential term.
In the case where s P = 0, the interpretation is similar. Here, additionally the fitness advantage for passenger mutations has to be taken into account. Since the number of cells with j passenger mutations grows with (1 + s P ) j , also the number of cells that can mutate grows. Hence, the factor (1 + s P )
is multiplied to the expression and the binomial coefficient turns into the q-binomial coefficient. Mutation rate for the driver mutation
Probabilitiy for a cell without the driver mutation to not mutate
Probabilitiy for a cell with the driver mutation to not mutate s P Fitness change of a passenger mutation (see (1), (2))
Fitness advantage of the driver mutation (see (1), (2))
Fitness disadvantage of the driver mutation (see (1), (2)) s DP Fitness advantage of combination of a passenger and the driver mutation ς P = 1 + s P Fitness according to a passenger without the driver mutation ς DP = 1 + s DP Fitness according to the combination of driver and passenger mutation
Fitness according to a driver mutation with no passenger
For cells that have obtained the driver mutation and k passenger mutations, the situation is slightly more complex. There are k+1 different possibilities on how to obtain k passenger and the driver mutation, since some of the passenger mutations may have occurred before the driver mutation has been acquired, others may have occurred afterwards. Let x (p) 1,k (t) denote the number of cells with the driver mutation and k passenger mutations, when the driver mutation has happened in a cell with p passenger mutations. Note that 0 ≤ p ≤ k. The change in the number of cells now depends on p. Using the abbreviations from Table 1 to simplify our notation, we have
To express the average number of cells in total we need to sum over all possible pathways
In the Supporting Information we proof that the analytical solution of Equation (10) is
if s P = 0. The summation over p indicates the different mutational pathways. Interestingly, the case for s P = 0 is much more challenging. The underlying problem is that the normal binomial coefficient cannot be expressed in a sum in the way the q-binomial coefficient can be expressed [23] 
When summing over all generations of the population with p passenger mutations to derive the expression for the population of cells with p + 1 passenger mutations we have to calculate the sum
When we go further and try to calculate the expression for the population with k passenger mutations, we need to apply this sum (k − p)-times and hence we obtain a multi sum,
Only an analytical expression for this multi sum would allow a closed solution of the problem with s P = 0. However, we can use our solution for s P = 0 for arbitrarily small values of s P . Moreover, numerical considerations show that the result for s P = 0 is very close to the case of s P 1. In Figure 4 , the dynamics of the average number of cells with a certain number of mutations, is shown, both without and with the driver mutation. Simulation results for s P = 0 agree very well with the analytical result obtained for s P = 0.
Distribution of time until cancer initiation
Next, let us calculate the distribution of the time it takes until rapid proliferation occurs. A straightforward approach is using the function for the average number of cells of the cell types that lack one Figure 4 . Dynamics of the number of cells with different number of passenger mutations, without (left) and with (right) the driver mutation. Simulation results averaged over 500 independent realizations for s P = 0 (symbols) agree almost perfectly with the analytical result obtained for s P = 10 −5 . Only in few realizations, a driver mutations co-occurs with several passengers, hence the simulation data for these cases shows a large spread. Averaging over more realizations would again show very good agreement between analytical results and simulations (parameters as in Figure 2 ). mutation for rapid proliferation and calculating the probability of obtaining the "missing" mutation times the probability for this mutant to be successful, i.e. not to die out. The event of mutations follow a binomial distribution. Since the number of cells is changing, we have a time-dependent binomial process. We assume that the cell type leading to rapid proliferation needs k passenger mutations additional to the driver mutation. This crucial mutation can either be a driver mutation from the cells without the driver mutation but with k passenger mutations (x 0,k (t)), or a passenger mutation from cells that already have the driver mutation and k − 1 passenger mutations (x 1,k−1 (t)). Let n 0,k (t) and n 1,k−1 (t) be the summations of both average number of cells
Further we are interested in the probability of one x 1,k -cell inducing rapid proliferation, i.e. to not die out. We call those mutants successful hereafter. Neglecting mutations, this process is a one-type branching process where the probability ϕ of surviving is [22] 
Let us first focus only on the path where the driver mutation happens last. The probability of obtaining successful driver mutations until generation t follows a binomial distribution, for which the probabilities are generally defined as
Hence, the probability of having obtained j successful mutations via a x 0,k -cell is b(j; n 0,k (t), µ D ϕ), where µ D ϕ is the probability of obtaining a successful x 1,k -cell. Thus, the probability of having obtained at least one successful mutation follows the distribution 1 − b(0; n 0,k (t), µ D ϕ). The probability of obtaining the successful mutation exactly at time t is then the difference between having a successful mutation until t and having a successful mutation until t − 1
Considering both mutational pathways, the probability of not having obtained a successful mutation until generation t is now the product of the binomial distributions of the different pathways b(0; n 0,k (t), µ D ϕ) · b(0; n 1,k−1 (t), µ P ϕ). We can then perform analogue steps as in the case above. Let further X denote the random variable of the time until a successful mutant leading to rapid proliferation occurs. We then have
We can investigate all k + 1 different pathways further by using the average number of cells for each single pathway
Analogously to the calculation above we arrive at
In Figure 5 this analytic computation is compared to simulations. The simulations typically need more time until rapid growth occurs than the analytical calculation. The reason is that the distribution around the average number of cells is not symmetric. There are many simulations where the number of cells is smaller than the average, and a few where the number of cells is much higher than the average. Consequently, most simulations need more time.
To explore this effect, we can change the model and dismiss the stochasticity of proliferation and apoptosis and instead let the cells divide according to their fitness without affecting the average number of cells. There is still the stochasticity due to mutations, but the variance and skewness change and therefore also the distribution for the time of mutations changes. Even though the calculated distribution does not fully agree with the simulations, it can serve as an approximation. With this, we can also estimate how likely which pathway is, i.e. the likelihood for when the driver mutation occurs. As in Equation (21) we can write down the time distribution for each single pathway. We use exemplarily again the path where the driver mutation happens last. Let X denote the random variable for the time until a successful mutant occurs via a x 0,k -cell. We then have Figure  2 ).
Thus, the probability that rapid proliferations occurs at generation t due to a mutation along pathway p is the probability that the crucial mutation happens in a x (p) 1,k−1 -cell at generation t at all times the probability that through no other pathway has acquired the crucial mutation until generation t
Analogous calculations lead to the path probability for any other pathway. Summing over t gives the total ratio of how likely this particular pathway is until a certain time.
Discussion
Most models in literature so far assume, that each mutation leads to an independent and steady increase in the cells' fitness [6, [11] [12] [13] 15] . In this context, neutral passenger mutations have no causal impact on cancer progression. Only recently, some authors have considered passenger mutations not only as neutral byproducts of the clonal expansion of mutagenic cells, but as having a deleterious impact on the cell's fitness [25] . Here, we have described a model, in which the fitness of the driver mutation strongly depends on the number of passenger mutations the cell has acquired. The passenger mutations themselves may lead to no change in fitness or small changes in fitness. As we have illustrated in Figures 2, 3, and 4 , the number of cells stays roughly constant for a long time, before it rapidly increases, despite the fact that mutations occur in the process permanently. This dynamic effect of cancer initiation is very different to models in which mutations do not interact with each other and can have important implications for diagnosis and treatment.
In some cancers, such as the Burkitt's Lymphoma, the cancer is only diagnosed after fast tumor growth has started. In this case, sequencing studies have shown, that several mutations are present at the time of examination [9, 26] . Since the patient does not have any symptoms in advance to the outbreak of the cancer, it is possible that some mutations have a (nearly) neutral, direct impact on the cells fitness. Nevertheless, they are necessary for the initiation of the cancer. This agrees with our epistatic model, where (nearly) neutral passenger mutations occur at a fixed rate before the cancer can be diagnosed.
We have been motivated by a case where epistatic effects between passenger mutations, which in isolation do not affect cell proliferation, and driver mutations seem to be an important feature of cancer progression. Of course, not all passenger mutations have an epistatic effect on driver mutations, some might even be considered deleterious [25] . Nevertheless, this work shows that passenger mutations should not only be regarded as a neutral byproduct of the clonal expansion of mutagenic cells. Instead, in some cases passenger mutations can have a serious impact in cancer initiation, in particular when there are non-trivial interactions between different mutations. In this case the term "passenger" may not be the most appropriate one. To understand the impact of those interactions can be essential for a deeper understanding of the initiation of cancer.
